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Abstract 

Connectivity and capacity are two fundamental properties of wireless multi-hop networks. The scalability of these properties 
has been a primary concern for which asymptotic analysis is a useful tool. Three related but logically distinct network models 
are often considered in asymptotic analyses, viz. the dense network model, the extended network model and the infinite network 
model, which consider respectively a network deployed in a fixed finite area with a sufficiently large node density, a network 
deployed in a sufficiently large area with a fixed node density, and a network deployed in 5R'^ with a sufficiently large node density. 
' The infinite network model originated from continuum percolation theory and asymptotic results obtained from the infinite network 

, model have often been applied to the dense and extended networks. In this paper, through two case studies related to network 

connectivity on the expected number of isolated nodes and on the vanishing of components of finite order fc > 1 respectively, 
C ' we demonstrate some subtle but important differences between the infinite network model and the dense and extended network 

^ ' models. Therefore extra scrutiny has to be used in order for the results obtained from the infinite network model to be applicable 

to the dense and extended network models. Asymptotic results are also obtained on the expected number of isolated nodes, the 
■ vanishingly small impact of the boundary effect on the number of isolated nodes and the vanishing of components of finite order 

' A: > 1 in the dense and extended network models using a generic random connection model. 

Index Terms 
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Dense network model, extended network model, infinite network model, continuum percolation, connectivity, random con- 
nection model 

I. Introduction 



' Wireless multi-hop networks in various forms, e.g. wireless ad hoc networks, sensor networks, mesh networks and vehicular 
networks, have been the subject of intense research in the recent decades (see [l] and references therein). Connectivity and 
capacity are two fundamental properties of these networks. The scalability of these properties as the number of nodes in the 
f — . . network becomes sufficiently large has been a primary concern. Asymptotic analysis, valid when the number of nodes in the 
' network is large enough, has been useful for understanding the characteristics of these networks. 

Three related but logically distinct network models have been widely used in the asymptotic analysis of large scale multi-hop 
^— I networks. The first model, often referred to as the dense network model, considers that the network is deployed in a finite area 
with a sufficiently large node density. The second model, often referred to as the extended network model, considers that the 
\ [ node density is fixed and the network area is sufficiently large. The third model, referred to as the infinite network model, has 
J> its origin in continuum percolation theory ||2|. It considers a network deployed in an infinite area, i.e. 3?^ in 2D, and analyzes 
\^ ' the properties of the network as the node density becomes sufficiently large. Due to the relatively longer history of research 
. into continuum percolation theory and relatively abundant results in that area, and the close connections between the infinite 
' network model and the dense and extended network models, results obtained in the infinite network model are often applied 
straightforwardly to the first and second models |[3l-||8|. 

In this paper, through two case studies on key events related to the network connectivity, i.e. the expected number of isolated 
nodes and the vanishing of components of fixed and finite order k > 1 (the order of a component refers to the number of 
nodes in the component), using a random connection model, we demonstrate some subtle but important differences between 
the infinite network model and the dense and extended network models due to the truncation effect, to be explained in the 
following paragraphs. Therefore results obtained from an infinite network model cannot be directly applied to the dense and 
extended networks. Instead some careful analysis of the impact of the truncation effect is required. 

Here we give a detailed explanation of the above comments using a unit disk connection model as an exampl^ll Under the 
unit disk connection model, two nodes are directly connected if and only if (iff) their Euclidean distance is smaller than or 
equal to a given threshold r (p), a parameter which is often taken as a function of a further parameter p, to be defined shortly, 
under the dense and extended network models; the parameter r (p) is termed the transmission range. The dense and extended 
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network models that are often considered assume respectively a) nodes are Poissonly distributed in a unit area, say a square, 
with density p and r (p) = \J'^^^ (the dense network model); b) nodes are Poissonly distributed on a square ^ x ^/p 

with density 1 and r (p) = '°sp+'^ (the extended network model). The parameter c may be either a constant; or it can 
depend on p, in which case c — o (logp). The corresponding infinite network model considers nodes Poissonly distributed in 
with density p and a pair of nodes are directly connected iff their Euclidean distance is smaller than or equal to r, which 
does not depend on p. The dense network model can be converted into the extended network model by scaling the Euclidean 
distances between all pairs of nodes by a factor of y/p while maintaining their connections, and conversely. Therefore the 
dense network model and the extended network model are equivalent in the analysis of connectivity. In the extended network 
model, as p — > oo, the network area approaches and the average node degree approaches infinity following 8 (logp), i.e. 
a node has more and more connections as p — > oo. This resembles the situation that occurs in the infinite network model as 
p — >^ cxi. This close connection between the infinite network model and the dense and extended network models creates the 
illusion that as p cx) results obtained in the infinite network model can also be applied directly to the dense and extended 
models, e.g. those dealing with the vanishing of isolated nodes, the uniqueness of the component of infinite order, the vanishing 
of components of finite order fc > 1 |l3]-|l8l. 

St arting f rom the dense network model however, if we sca le the Euclidean distances between all pairs of nodes by a factor 
l/^]2M±£^ there results a network on a square x with node density i2£ft£, where i^SftS oo as 

p oo, and a pair of nodes are directly connected iff their Euclidean distance is equal to or smaller than r = 1, independently 
of the node density. This latter network model is also equivalent to the dense and extended network models in connectivity. 
On the other hand, this latter network can also be obtained from an infinite network on 3?^ with node density ^°sp+'^ and 

r = 1 by removing all nodes and the associated connections outside a square of ^ ^1 '\f^^^^ ™ ^&rm 

the effect associated with the above removal procedure as the truncation effect. From the above discussion, it is clear that a 
prerequisite for the results obtained in the infinite network model to be applicable to the dense or extended network models is 
that the impact of the truncation effect on the property concerned must be vanishingly small as p — > oo. 
The main contributions of this paper are: 

• Through two case studies, one on the expected number of isolated nodes and the other on the vanishing of components 
of fixed and finite order fc > 1, using a random connection model, we show however that ensuring the impact of the 
truncation effect is vanishingly small either requires imposing a stronger requirement on the connection function or needs 
some non-trivial analysis to rule out the possibility of occurrence of some events associated with the truncation effect. 
Therefore results obtained assuming an infinite network model cannot be applied directly to the dense and extended 
network models. 

• In particular, we show that in order for the impact of the truncation effect on the number of isolated nodes to be vanishingly 
small, a stronger requirement on the connection function (than the usual requirements of rotational invariance, integral 
boundedness and non-increasing monotonicity) needs to be imposed. 

• We show that some non-trivial analysis is required to rule out the possibility of occurrence of some events associated 
with the truncation effect in order to establish the result on the vanishing of components of components of fixed and 
finite order fc > 1 in the dense and extended network models. For example, an infinite component in di^ may, after 
truncation, yi eld mul tiple components of extremely large orde^ finite components of fixed order fc > 1 and isolated 
nodes in ^ ^/ \f^^^^ where these components are only connected via nodes and associated connections in 

the infinite component but outside ^ V Thus the dense and extended networks may still possibly 

have finite components of order fc > 1 even though the infinite network can be shown to asymptotically almost surely 
have no such finite components as p — > oo. 

• Asymptotic results are established on the expected number of isolated nodes, the vanishingly small impact of the boundary 
effect on the number of isolated nodes and the vanishing of components of finite order fc > 1 in the dense and extended 
network models using a generic random connection model. These results form key steps in extending asymptotic results 
on network connectivity from the unit disk model to the more generic random connection model. 

To our knowledge, this is the first paper that has provided solid theoretical analysis to explain the difference between the 
infinite network model and the dense and extended network models and the cause of this difference, i.e. it is attributable to 
the truncation effect, which is different from the boundary effect that has been widely studied. 

The rest of the paper is organized as follows. Section HIl reviews related work. Section Hill gives a formal definition of the 
network models, symbols and notations considered in the paper. Section |IV] comparatively studies the expected number of 
isolated nodes in a dense (or extended) network and in its counterpart infinite network model. Through the study, it shows 
that under certain conditions the impact of the truncation effect on the expected number of isolated nodes is non-negligible 

^It is trivial to sliow that for any finite p, almost surely there is no infinite component in a network whose nodes are Poissonly distributed with density 
^°^P+'^ on a square of 1 / '"^^^^ ^ x 1/ \f^^^^^- Therefore we use the term components of extremely large order to refer to those components whose 
order may become asymptotically infinite as p — > oo. 
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or may even be the dominant factor. Section |V] first gives an example to show that asymptotic vanishing of components of 
fixed and finite order fc > 1 in an infinite network does not carry straightforwardly the conclusion that components of fixed 
and finite order k > 1 also vanish asymptotically in the dense and extended networks. Then to fill this theoretical gap and 
with a supplementary condition holding, a result is presented on the asymptotic vanishing of components of fixed and finite 
order fc > 1 in the dense and extended network models under a random connection model. Finally Section |Vl] summarizes 
conclusions and future work. 



Extensive research has been done on connectivity problems using the well-known random geometric graph and the unit disk 
connection model, which is usually obtained by randomly and uniformly distributing n vertices in a given area and connecting 
any two vertices iff their distance is smaller than or equal to a given threshold r(n) 15], lITOl . Significant outcomes have been 
obtained El, llT0l-llT6l. 

Penrose ifTTll . ifTSl and Gupta et al. [3] proved using different techniques that if the transmission range is set to r (n) = 



connected as n cx) iff c (n) — > oo. Specifically, Penrose's result is based on the fact that in the above random network as 
p — i' oo the longest edge of the minimum spanning tree converges in probability to the minimum transmission range required 
for the above random network to have no isolated nodes (or equivalently the longest edge of the nearest neighbor graph of 
the above network) ITOll . IfTTI . ifTSl . Gupta and Kumar's result is based on a key finding in continuum percolation theory ||2j 
Chapter 6]: Consider an infinite network with nodes distributed on 3?^ following a Poisson distribution with density p; and 
suppose that a pair of nodes separated by a Euclidean distance x are directly connected with probability g {x), independent of 
the event that another distinct pair of nodes are directly connected. Here, g : 3?"'" [0,1] satisfies the conditions of rotational 
invariance, non-increasing monotonicity and integral boundedness |2, pp. 151-152]. As p — > oo asymptotically almost surely 
the above network on 3?^ has only a unique infinite component and isolated nodes. 

In [TJ*!, Philips et al. proved that the average node degree, i.e. the expected number of neighbors of an arbitrary node, must 
grow logarithmically with the area of the network to ensure that the network is connected, where nodes are placed randomly 
on a square according to a Poisson point process with a known density in This result by Philips et al. actually provides 
a necessary condition on the average node degree required for connectivity. In fTTl, Xue et al. showed that in a network with 
a total of n nodes randomly and uniformly distributed in a unit square in 3?^, if each node is connected to clogn nearest 
neighbors with c < 0.074 then the resulting random network is asymptotically almost surely disconnected as n — > oo; and if 
each node is connected to cAogn nearest neighbors with c > 5.1774 then the network is asymptotically almost surely connected 
as n oo. In [14J, Balister et al. advanced the results in [11] and improved the lower and upper bounds to 0.3043 logn 
and 0.5139 logn respectively. In a more recent paper |fT6ll , Balister et al. achieved much improved results by showing that 
there exists a constant Ccrit such that if each node is connected to [c log n\ nearest neighbors with c < Ccrit then the network 
is asymptotically almost surely disconnected as n — > oo, and if each node is connected to [clognj nearest neighbors with 
c > Ccrit then the network is asymptotically almost surely connected as n ^ oo. In both lfT4l and lfT6l . the authors considered 
nodes randomly distributed following a Poisson process of intensity one in a square of area n in 3?^. In [TTl, Ravelomanana 
investigated the critical transmission range for connectivity in 3-dimensional wireless sensor networks and derived similar 
results to the 2-dimensional results in |[3]. 

All the above work is based on the unit disk connection model. The unit disk connection model may simplify analysis but 
no real antenna has an antenna pattern similar to it. The log-normal shadowing connection model, which is more realistic than 
the unit disk connection model, has accordingly been considered for investigating network connectivity in |fT9l - ll24l . Under 
the log-normal shadowing connection model, two nodes are directly connected if the received power at one node from the 
other node, whose attenuation follows the log-normal model [25], is greater than a given threshold. In |fT9ll - ll24ll . the authors 
investigated from different perspectives the necessary condition for a network with nodes uniformly or Poissonly distributed in 
a bounded area in 3?^ and a pair of nodes are directly connected following the log-normal connection model to be connected. 
Most of the above work is based on the observation that a necessary condition for a connected network is that the network 
has no isolated nodes. Their analysis lfT9ll - ll24ll also relies on the assumption that under the log-normal connection model, the 
node isolation events are independent, an assumption yet to be validated analytically. 

Other work in the area include [5J, [6], [8|, [26], which studies from the percolation perspective, the impact of mutual 
interference caused by simultaneous transmissions, the impact of physical layer cooperative transmissions, the impact of 
directional antennas and the impact of unreliable links on connectivity respectively. 

In this paper we discuss the relation between three widely used network models in the above studies, i.e. the dense network 
model, the extended network model and the infinite network model which originated from continuum percolation theory. We 
examine mainly from the connectivity perspective the similarities and differences between these models and demonstrate that 
results obtained from continuum percolation theory assuming an infinite network model cannot be directly applied to the dense 
and extended network models. We also establish some results that form key steps in extending asymptotic results on network 
connectivity from the unit disk model to the more generic random connection model. 



II. Related Work 




, a random network formed by uniformly placing n nodes in a unit-area disk in 3?^ 



is asymptotically almost surely 
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III. Network Models 

In this section we give a formal definition of network models considered in thepaper. Let g : 3?+ [0, 1] be a function 
satisfying the conditions of non-increasing monotonicity and integral boundedness Q 

.9 {x) < g [y) whenever x > y (1) 

< / g{\\x\\)dx < oo (2) 



where |la;|l denotes the Euclidean norm of x. The function g is the connection function that has been widely considered in 
the random connection model |j2l, ||27l Chapter 6]. Further the requirement of rotational invariance on the connection function 
in the random connection model (|2l, ll27l Chapter 6] has been met implicitly by letting g he a function of a scalar, typically 
representing the Euclidean distance between two nodes being considered. 

The following notations and definitions are used throughout the paper: 

. fiz) = {h {z)) iff lim,^^ = 0; 

. f {z)=uj, {h{z)) iff h{z)=o, if {z)); 

• f (z) = Qz [h {z)) iff there exist a sufficiently large zq and two positive constants ci and C2 such that for any z > zq, 

Cih{z)>f{z)>C2h{z)- 

• f (z) h (z) iff lim^^^oo = 1; 

• An event ^ is said to occur almost surely if its probability equals to one; 

• An event depending on z is said to occur asymptotically almost surely (a.a.s.) if its probability tends to one as z — ?> oo. 
The above definition applies whether the argument z is continuous or discrete, e.g. assuming integer values. 

Using the integral boundedness condition on g and the non-increasing property of g, it can be shown that 



/ 5 (||a;||) da; = lim / 2'Kxg (x) dx 



and 



/•oo 

lim / 2TTxg (x) dx = 
The above equation, together with the following derivations 



lim / 2TTxg (x) dx 

r2z 

> lim / 2Trxg (x) dx 

z^<x>J^ 

> lim / 2Trxg (2z) dx 
= lim STTZ^g (2z) 



allow us to conclude that 



9 i^) = Ox ( 2^ ) (4) 



^x^ 

From time to time, we may require g to satisfy the more restrictive requirement that 

1 

^ x'^ log^ X , 

and ([1]). When we do impose such additional constraint, we will specify it clearly. It is obvious that conditions ([1]) and (|2]i 
imply ([3]) while condition (|4| implies (|2|i and (O. 

In the following analysis, we will only use ([T]i and (|4|i (instead of ([T]i and (|2|i) when necessary. This helps to identify which 
part of the analysis relies on the more restrictive requirement on g. In our analysis, we assume that g has infinite support when 
necessary. Our results however apply to the situation when g has bounded support, which forms a special case and only makes 
the analysis easier. 

Further, define 



"'Throughout this paper, we use the non-bold symbol, e.g. x, to denote a scalar and the bold symbol, e.g. x, to denote a vector 
*We refer readers to (2], 127 1 Chapter 6] for detailed discussions on the random connection model. 
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for some non-negative value p, where 

0<C= I .g(|la;|l)da; < oo (6) 



and 6 is a constant (+oo is allowed). 

In the following, we give the formal definitions of four network models discussed in the paper The motivation for defining 
a new model in Definition [3] appears later after all models are defined. 

Definition 1: (dense network model) Let Q [Xp^gr^, A) be a network with nodes Poissonly distributed on a unit square 
A = 5] with density p and a pair of nodes separated by a Euclidean distance x are directly connected with probability 
9rp [x) ^ -9 (^)' independent of the event that another distinct pair of nodes are directly connected. Xp denotes the vertex 
set in g {Xp,gr^,A). 

Definition 2: (extended network model) Let Q {^Xi,g ^ la^p+b , be a network with nodes Poissonly distributed on a 

square ^ r_ ^^ with density 1 and a pair of nodes separated by a Euclidean distance x are directly connected with 



/ log^p + b 



probability g^jr^rp+b {x) ^ -9 ( ^lo^p+b ) ' independent of the event that another distinct pair of nodes are directly connected. 



Xi denotes the vertex set in Q {^Xi,g ^ log p+b , A 



VP 

Definition 3: Let Q ( X ios p+b , Aj^ ) be a network with nodes Poissonly distributed on a square Aj^ = 



1 1 

' 2r„ ' 2r„ 



2 



_ _ with 

density and a pair of nodes separated by a Euclidean distance x are directly connected with probabiUty g (x), independent 

of the event that another distinct pair of nodes are directly connected. Xiogp+b denotes the vertex set in Q \ X iosp+b , q, A±_ ). 

C \ C J 

Definition 4: (infinite network model) Let Q (^Xp, g, Jft^) be a network with nodes Poissonly distributed on 3?^ with density 
p and a pair of nodes separated by a Euclidean distance x are directly connected with probability g (x), independent of the 
event that another distinct pair of nodes are directly connected. Xp denotes the vertex set in Q (A'p, g, 3?^). 
With minor abuse of the terminology, we use A (respectively A /p, Aj_) to denote both the square itself and the area of the 

square, and in the latter case, A — 1 (respectively A/p ~ p, Aj^ = -^). 

^p 

The reason for choosing this particular form of rp and the above network models is to avoid triviality in the analysis and to 
make the analysis compatible with existing results obtained under a unit disk connection model. Particularly when g takes the 
form that g{x) — 1 for x < 1 and g{x) = for a; > 1, it can be shown that Q {Xp, gr^, A^ reduces to the dense network model 
under a unit disk connection model discussed in IS], ifTOl . Il27ll where C = tt and rp corresponds to the critical transmission 
range for connectivity; 

: g.y i°sp+i> ; ^\/p) reduces to the extended network model under a unit disk connection model 
considered in lIZTl . 128' Chapter 3.3.2]. Thus the above model easily incorporates the unit disk connection model as a special 
case. A similar conclusion can also be drawn for the log-normal connection model. 

Now we establish the relationship between the three network models in Definitions [T] [21 [3] on finite and then asymptotically 
infinite regions respectively using the scaling and coupling technique fT\. Given an instance of Q (^Xp,grp,A), if we scale 
the Euclidean distances between all pairs of nodes by a factor of ^ while maintaining their connections, there results a 
random network where nodes are Poissonly distributed on a square A^ with density 1 and a pair of nodes separated by 

a Euclidean distance x are directly connected with probability g ^ji^^-^ {x), i.e. an instance of Q {^Xi,g ^ logp+t, , A All 
connectivity properties, e.g. connectivity, number of isolated nodes, number of components of a specified order, that hold in 
the instance of Q (^Xp, gr^, A) are also valid for the associated instance in Q (^Xi,g ^ log p+b , A^^ (To be more precise, the 
underlying graphs of these two network instances are isomorphic ll29l . |[30]). Similarly if we shrink the Euclidean distances 
between all pairs of nodes in a network, which is an instance of Q {^Xi , ff^ log p+b , A yp^, by a factor of there results 
an instance of Q (A'p, 3,.^ . A) and the two networks again have the same connectivity property. Therefore Q (^Xp, gr^, A) and 
Q (^Xi,g ^ lag p+b , A are equivalent in that any connectivity property that holds in one model will necessarily hold in 

the other Similarly, it can also be shown that Q {Xp,gr ,A) and Q (A' log p+b , q, Aj_ ) are equivalent in their connectivity 

V rp) 

properties. Thus in this paper we only chose one model, i.e. Q I Af iog p+b , q, A±_ J, to discuss the connectivity properties of 
finite and asymptotically infinite networks. The reason for choosing this network model is that under the model, a pair of 
nodes are directly connected following g, in the same way as nodes in the infinite network model Q (^Yp, 3?^) are directly 
connected. This facilitates the discussion and comparison between the finite (asymptotically infinite) network model and the 
infinite network model, which is a key focus of the paper 

Further, we point out that the above discussion on the equivalence of network models Q {Xp, gr^ , ^) , 5 {Xi , g ^ p+b , A^ 

and Q {^ lo^p+b , g, A\^ is only valid for the random connection model. For the other widely used model, i.e. the SINR 
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model, under some special circumstances, e.g. the background noise is negligible G] and the attenuation function is a power 
law function, the three network models are equivalent; otherwise under more general conditions, the three models are not 
equivalent (see e.g. 1261 . ||3T1 ). However the key observation revealed in our analysis, i.e. results obtained from an infinite 
network model do not necessarily apply to the dense and extended network models, also holds for the SINR model. 



IV. A Comparative Study of The Expected Number of Isolated Nodes 
In this section we comparatively study the expected number of isolated nodes in Q ^A'log^+b , and the expected 

number of isolated nodes in its counterpart in an infinite network, i.e. a region with the same area as Aj_ in an infinite 

network on 5ft^ with the same node density and connection function g. The number of isolated nodes is a key parameter 

in the analysis of network connectivity. A necessary condition for a network to be connected is that the network has no isolated 
node. Such a necessary condition has been shown to be also a sufficient condition for a connected network as p — oo under 
a unit disk connection model ifTOl and this may also be possibly true for a random connection model. 



A. Expected Number of Isolated Nodes in an Asymptotically Infinite Network 

In this subsection we analyze the expected number of isolated nodes in Q [ A' log p+b , q, Aj_ ). For an arbitrary node in 



Q yX \oE,P+b , 9, ^— j location y, it can be shown that the probability that the node is isolated is given by H: 

-5a 1 i2tgd±ff(l|x-3/||)da: 

¥T{Iy = l) = e "p (7) 

where ly is an indicator random variable: ly = \ \f the node at y is isolated and = otherwise. Denote by W the 
number of isolated nodes in an instance of Q ( A' logp+t , g, A±_ I . It then follows that the expected number of isolated nodes in 



Q (^X \asp+b ,q,A_i^ is given by 



On the basis of ([D, the following theorem can be obtained. 

Theorem 1: The expected number of isolated nodes in Q yX iagp+b , q, ^J-j is ^ ^os p+b ^ r-p dy. For 



g satisfying both ^ and (|4]l, the expected number of isolated nodes in Q yX\asp±b,g,Aj_j converges asymptotically to e^*" 

as /5 — > oo. 

Proof: See Appendix I ■ 
7 ) Impact of Boundary Effect on the Number of Isolated Nodes: Before we proceed to the comparison of the expected 
number of isolated nodes in Q (^Xiogp±b,g,Aj_^ and the expected number in its counterpart in an infinite network, we first 

examine the impact of boundary effect on the number of isolated nodes in Q ^A' logp+b , g, AjSj. Boundary effect is a common 
concern in the analysis of network connectivity. The analysis of the impact of the boundary effect is done by comparing the 
number of isolated nodes in Q ( A' logp+i, , q, Aj_ ) and the number in a network with nodes Poissonly distributed on a torus 



c 



r 1 2 

= — 7^ with node density and where a pair of nodes separated by a toroidal distance p. 13] are 



directly connected with probability g (x j, independent of the event that another distinct pair of nodes are directly connected. 
Denote the network on a torus by Q'^ ^A' log^+i, , q, A^^ ^ . The following lemma can be established. 

Lemma 1: The expected number of isolated nodes in ( Xia^_p±b, g, A^i ) is pe . For g satisfying 

V " ~\ 

both ([T]i and (|4]l, the expected number of isolated nodes in I A' logp+t , q, A±_ j converges to e as p — > cxo. 

Proof: See Appendix II ■ 
On the basis of Theorem [T] and Lemma [T] and using the coupUng technique, the following lemma can be obtained. 

Lemma 2: For g satisfying both ([T]i and (|4|i, the number of isolated nodes in Q ^^A'log^+b , g, ^J-^ due to the boundary effect 
is a.a.s. as p — !• oo. 

Proof: Comparing Theorem [1] and Lemma [1] it is noted that the expected numbers of isolated nodes on a torus and on 
a square respectively asymptotically converge to the same non-zero finite constant e^^ as p ^ oo. Now we use the coupling 
technique |2| to construct the connection between W and W'^, the number of isolated nodes in the corresponding instance 
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of (^X iasp+b , q, Consider an instance of ^A' logp+t , q, . The number of isolated nodes in that network is 

W^, which depends on p. Remove each connection of the above network with probability 1 — j^^^ independent of the 
event that another connection is removed, where x is the Euclidean distance between the two endpoints of the connection 
and x'^ is the corresponding toroidal distance. Due to x"'^ < a; (see ( |40l i in Appendix II) and the non-increasing property of 
g, < 1 ~ gi^^T-^ ^ 1- Further note that only connections between nodes near the boundary with x^ < x will be affected, 
i.e. when x — x^ the removal probability is zero. Denote the number of newly appearing isolated nodes by W^. has 
the meaning of being the number of isolated nodes due to the boundary effect. It is straightforward to show that is a 
non-negative random integer, depending on p. Further, such a connection removal process results a random network with nodes 
Poissonly distributed with density ^°sp+'' where a pair of nodes separated by a Euclidean distance x are directly connected 
with probability g (x), i.e. a random network on a square with the boundary effect included. The following equation results as 
a consequence of the above discussion: 

w ^W^ + 

Using Theorem [1] Lemma [T| and the above equation, it can be shown that 



Due to the non-negativity of W^: 



lim E (W^) ^ lim E (W - W^) = 



lim Pr (W^ = 0) = 1 

p— foo 



Remark 1: Note that for g not satisfying (|4|, E {W) and E (W^^) are not necessarily convergent as p — 7> oo. Particularly 
using the same procedure in Appendix I and II (see also ( fT4b in Section IIV-CI below), it can be shown that when g {x) — 
'^^ ( log^i^ ); both limp^oo E [W) and lim^^oo E {W^) are unbounded. When g [x) = 6^; [yr^^r^, limp_>oo E {W) and 
limp_j.oo E (W'^) start to depend on the asymptotic behavior of g and is only convergent when lima;_j.oo g [x] x^ log^ x — a, 
where < a < oo is a positive constant. In that case, it can be shown that limp_>.oo E (W) and limp_j.oo E {W'^) converge to 
e~^^~^°'. For limp^oo E (W^) the above result can be established by first choosing a small positive constant Ae and then 
letting p be sufficiently large such that D (O, h'l^p^^'^^) contains where D {x,r) denotes a disk centered at x and with 

a radius r. An upper and lower bound on E {W^) can then be established by noting that 

lim pe j 

p— >-oo 

-Ia 1 '-^9i\M)dx 

< lim E (W'^) = pe 

< hm pe ) 

Following the exactly same procedure as that in i45[ and ( |46] | (in Appendix II) and finally letting Ae — >■ 0, the result for 
limp_j.oo E (W^) can be obtained. The result for limp^oo E {W) can be obtained following a similar procedure as that in 
Appendix I. 

B. The Number of Isolated Nodes in a Region Aj^ of an Infinite Network with Node Density ^°sp+^ 

rp ^ 

In this subsection, we consider the number of isolated nodes in the counterpart of Q {^X iag,p+b , g, ^J-j in an infinite network. 

Specifically, for a meaningful comparison with the number of isolated nodes in Q ^A' logp+i, , q, Aj_^, we consider the number 
of isolated nodes, denoted by W°° (with superscript °° marking the parameter in an infinite network), in a square A j_ of an 

infinite network on 5ft^ with Poissonly distributed node at density i2S^+!i. Denote the infinite network by Q (^X iaep+b , q, Sft^ 

For g satisfying (|2]l, a randomly chosen node in Q ^A' iogp+6 , q, jft^^ , at location y e Aj_, is isolated with probability 



y 

where © is used in the above equation. Therefore 



1 

— ( 
P 



Pr (/°° = 1) = ^^g(||x-y||)rfx ^ - ^-o ^g-. 



E{W°°) = / x-e-'^dy 
C p 
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logp + b 1 _b f l^'^ 
X —e X ' 



C p 

= e-" (10) 

The last line follows by (|5]l. 

The above result is summarized in the following lemma: 

Lemma 3: For g satisfying dU, the expected number of isolated nodes in a region Aj_ of Q (^X iagp+b , q, jR^^ is e~^. 

C. A Comparison of the Expected Number of Isolated Nodes in Q ^A' logp+b , q, ^J-^ <^nd In Its Counterpart in An Infinite 
Network 

Comparing Theorem [T] and Lemma [3] we note that: 

1) The expected number of isolated nodes in Q ^A'logp+b , g, ^ J-^ only converges asymptotically to e^^ as p oo whereas 

the expected number of isolated nodes in an area of the same size in Q {^X iosp+b , q, iR^^ is always no matter which 
value p takes. 

2) The expected number of isolated nodes in Q ^A' iobp+6 , qr, converges asymptotically to e^'' for g satisfying both ^ 

and (IDl whereas the expected number of isolated nodes in an area of the same size in Q ^A' logp+b , q, 3?^j is e^^ for g 
satisfying (|2]l only. 
In the following we examine the reason behind the differences. 
Using ©, ^ and ([Toll, it can be shown that 



E{W) 
E{W°°) 



h 



b 



.4. C 



dy 



f '^'^ ^ g {\\x - y\\) dx I dy 



log p + b 



— e '■p dy (11) 

_ 

It is trivial to show that the value in ( fTTT) is always greater than 1 for g with infinite support. That is, for any g with infinite 
support, the expected number of isolated nodes in Q ( X iasp+b , g, A_l_ ) is strictly larger than the expected number of isolated 

V C rp/ 

nodes in an area A j_ of Q yX iusp+b , 5, 3?^ j . Further, it can be shown that the value in ( fTTT ) accounts for the cumulative effect 
of nodes outside A_i_ in Q ( X iagp+b , q, Sft^ ) and the associated connections between these nodes and nodes inside Aj_ on 

r-p \ C / r-p 

decreasing the expected number of isolated nodes in Aj^ respectively. Because Q ( X iagp+t , q, Aj^ ] can be obtained from 

r-p \ C rp J 

Q {^X ios p+b , 3?^^ by removing all these nodes and associated connections outside an area of A j_ in Q {^X iasp+b ,g,^^^, we 
term the this distinction the truncation effect. Theorem [T] and Lemma [3] shows that when g satisfies both ([U and (|4|l (i.e. g 
has to decrease fast enough), the impact of the truncation effect on isolated nodes becomes vanishingly small as p — > 00. 
Based on the above discussion, the following theorem can be established: 

Theorem 2: For q satisfying (|2]l, the expected number of isolated nodes in an area of Aj_ in Q ( X iasp+b , q, 

\ c 

Removing all nodes of Q {^X ia^p+b , g, 3?'^^ outside A j_ and the associated connections, there results Q ^A' logp+b , (7, A j_ ^ . The 

expected number of isolated nodes in Q {^X iagp+b , 5, A_i_ ^ converges to er^ if g satisfies both ([T]) and (HJl. The more restrictive 
requirement on g is a sufficient condition for the impact of the truncation effect associated with the above removal operations 
on the number of isolated nodes in Q I Xia^p+b , 5, A j_ ) to be vanishingly small as p — ^ 00. 

\ C ^p / 
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In the following, we show that the more restrictive requirement on g in (|4]i (compared with ([T]) and (|2])) is also necessary for 
the impact of the truncation effect to become vanishingly small as p — > oo. Specifically, consider the case when (|4]i is not 
satisfied. Let 



fix) ^ g{x)x'\og''x (12) 



Condition (|4| not being satisfied means 



lim/(a;)^0 (13) 



i.e. lim^^oo / (x) may equal to a positive constant, oo, or does not exist (e.g. / (x) is a periodic function of x). 
It can be shown that (following the equation, detailed explanations are given and see also (l42l i in Appendix II) 



> 



lim E{W) 

p^OO 

lim E(W'^) 
lim pe 

p— f oo 



f / 1 -lA q( II 3:^11 )dx 

f 9 ^ 1 '°^/^+'' g(||x||)rfg; 



> lim pe 

p— voo 



= e 

p— >oo 

where the last step results because of the following equation: 

5R2\_D(0,ir-i) '-^ 

lim [ — 2nxg (x) dx 

2'p y\2'p ) Cp^ 
lim 

p— >-00 i:^ ^ 

p(logp+b)^ 

;^^^(i°sP + &)^p-^5Qr;i 



= 1™ — logp + fc r 1 _2, 2/1 -n 

2^(logp + 6)V(lr-i) 

= lim ; 

P^°° C (log i - i log (log p + &) + i log p + i log C) ^ 

= — - lim f ( —r^^ 
C P^oo-' \2 P 

Aw 

= -77 1™ / (a;) 

where in the second step, L'Hopital's rule with l^^p_^_l, being the denominator and jT^-i 2Trxg (x) dx being the numerator is 
used; in the third step, ( fT2] i is used. 

Remark 2: Equation ( fT4l i shows also that limp_i.oo E (W^) > e^''+"^^ iim^j^oo f{x) y^jjgre iJ (W^) is the expected number 
of isolated nodes on a torus, which does not include the contribution of the boundary effect on the number of isolated nodes. 
Note also that the expected number of isolated nodes in an area of Aj_ in Q (^X iosp+b , q, ^'^^ is e^^. Therefore the term 

hm^^oo /(x) jg gjjtirely attributable to the truncation effect. 
Note that / (x) is a non-negative function for a; > 1. It is obvious from ( fT4] i that unless limaj^oo / (x) = 0, i.e. (|4|i is satisfied, the 
expected number of isolated node in Q (^X iagp+b , g, ^ J-^ will be larger than the expected number of isolated nodes in an area of 

Aj_ in Q (^X iagp+b , 5, 3?^^ . That is, the impact of the truncation effect on the number of isolated nodes in Q ^A' log^+b , g, Aj-j 

will not be vanishingly small as p — cx). In particular, it can be shown that for g [x) — Qx { ^2 ^ the impact of the 
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truncation effect is non-negligible or even dominant in determining the number of isolated nodes in Q (^X iagp+b , g, Aj_^. Using 

(fl4] l. it can also be shown that for g (x) ~ uJx (;pt^^^)' linip-i-oo E iW) is unbounded, i.e. connectivity cannot be achieved 

for g (x) = LOx ^ ^2 logU X ) O ^"'^ ® are satisfied. 

The above discussion leads to the following conclusion: 

Theorem 3: The more restrictive requirement on g that it satisfies Q is a necessary condition for the impact of the truncation 
effect on the number of isolated nodes in Q ( X iosp+t , q, A j_ ) to be vanishingly small as p — > oo. Further for g (x) = 



lotrii X ) ' '■^^ impact of the truncation effect is non-negligible or even dominant in determining the number of isolated 
nodes in Q (^XioKP+b , g , AjSj and for g (x) — uj^ ^2 i^^i ^ ) ' truncation effect is the dominant factor in determining the 
number of isolated nodes in Q ^A' logp+i, ,g,AjSj. 

Noting that the number of isolated nodes in a network is a non-negative integer, the following result can be obtained as an 
easy consequence of Theorem |2] (see also f32l). Notice that in formulating this result, we drop the assumption that b, originally 
introduced in (|5]l, is a constant, and allow it instead to be p-dependent. 

Corollary 1: For g satisfying both ([T]| and (IDi, a necessary condition for Q (^X iagp+b , q, AjSj to be a.a.s. (as p 00) 
connected is b ^ 00. 

Remark 3: As pointed out in [|2] p. 151], the three requirements on g in the random connection model, i.e. rotational 
invariance, non-increasing monotonicity and integral boundedness, are not equally important. Particularly, rotational invariance 
and non-increasing monotonicity are required only to simply the analysis such that "the notation and formulae will be somewhat 
simpler". Similarly, we expect the results obtained in this section and in the next section requiring non-increasing monotonicity 
in ([T]) are also valid when the condition in ([T]l is removed. These however require more complicated handling of g (x), 
particularly when x is sufficiently large. 

V. Vanishing of Components of Finite Order 
In this section we consider the events of the asymptotic vanishing of components of fixed and finite order /c > 1 in the 
infinite network Q (^X ias p+t , q, jR^^ and in Q (^X iagp+b , 17, Aj_^ respectively as p ^ oo. 

In |T, Theorem 6.4] it was shown that as p — ^ 00 (and > 00) the probability for a node to be isolated given that its 

component is finite converges to 1. In other words, as p — ^ 00 a.a.s. Q (^X iasp+b , g, 3?^^ has only isolated nodes and components 
of infinite order, and components of fixed and finite order k > 1 asymptotically vanish. In the following we show that due to 
the truncation effect, the above result obtained in Q (^X \og p+b , q, Sft^^ does not carry over to the conclusion that as p cx) 



a.a.s. Q \^Xioeg±b,g,Aj_j has only isolated nodes and infinite components too, without further analysis on the impact of the 

truncation effect. Specifically, an infinite component in Q ^A'log^+t , 3?^^ may possibly consist of components of extremely 
large order, components of fixed and finite order fc > 1 and isolated nodes involving nodes and connections entirely contained 
inside where these components are only connected to each other via nodes and connections outside Note that for 

any finite p, almost surely there is no infinite component in G (^X iogp+b , q, ^— ) • Therefore we use the term component of 
extremely large order to refer to a component whose order may become asymptotically infinite as p — > 00. As the nodes and 
associated connections outside Aj^ are removed, the infinite component in 3?^ may possibly leave components of extremely 
large order, components of finite order k > 1 and isolated nodes in Aj^. As such, vanishing of components of finite order 



k > 1 in Q l^X iasp+b , q, 3^ j as p — > 00 does not necessarily carry the conclusion that components of finite order fc > 1 in 

Q ( Xiasp±b,g, Aj_ ) also vanish as p — > 00, even when Aj^ approaches 3?^ as p — > 00. An example is illustrated in Fig. [T] 

We further point out that many other topologies, particularly under a random connection model where even a pair of nodes 
separated by a large distance may have a non-zero probability to be directly connected, can be drawn for an infinite component 
in 3?^, where after removing all nodes and associated connections of the infinite component outside A j_, the infinite component 
leaves components of finite order fc > 1 inside Aj_, even when Aj_ grows as p 00. We emphasize that we are not hinting 

r-p rp 

that the topology of the infinite component shown in Fig. [T]is likely to occur in Q I Xiogp+b,g, as p ^ 00, but neither can 
such a possibility be precluded using ||2] Theorem 6.4]. Therefore a conclusion cannot be drawn straightforwardly from ||2] 
Theorem 6.4] that a.a.s. components of finite order k > 1 in Q (^X \osp+b , q, Aj/^ vanish as p 00. Instead some non-trivial 

analysis is required to establish such a conclusion in Q (^X iagp+b , q, Aj_^. 

We present such a result for the vanishing of components of finite order k > I in Q (^X\osp+b,g,Aj_'^ as p ^ 00 to fill 
this theoretical gap: 
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Figure 1: An illustration that an infinite component in may leave components of extremely large order, components of 
finite order fc > 1 and isolated nodes in a finite (or asymptotically infinite) region in 3?^ when nodes and connections outside 
the finite (asymptotically infinite) region is removed. The figure uses the unit disk connection model as a special case for easy 
illustration. Each ball has a radius of half of the transmission range and is centered at a node. Two adjacent balls overlap iff the 
associated nodes are directly connected. The figure shows an infinite component with nodes organized in a tree structure. The 
square area represents the finite (asymptotically infinite) region. Even as the square grows to include more and more nodes of 
the infinite component, it is still possible for the square to have components of finite order fc > 1 when nodes and connections 
outside the square are removed. 



Theorem 4: For g satisfying ([T]i and (|4]i, a.a.s. there is no component of finite order fc > 1 in ^A'log^+t , 5, . 

Proof: See Appendix III. ■ 
Remark 4: Theorem |4] gives a sufficient condition on g required for the number of components of fixed and finite order 
fc > 1 in C/ ( A' log p+b , g, A j_ ) to be vanishingly small as p 00. It is also interesting to obtain a necessary condition on g 

required for the number of components of fixed and finite order k > \ m Q [ A' log p+t. , q, A_l_ to be vanishingly small. The 

1—1 ^ ^ '■p ^ 

technique used in the proof of Theorem |4j however cannot answer the above question on a necessary condition on g. More 

specifically, denote by the (random) number of components of order fc in an instance of Q ^<Yx,g, and let M be 

an arbitrarily large positive integer M. The proof of Theorem |4] is based on an analysis of E (^Yl!k=2 Cfe) ■ showing that 
linip_j.oo E {^k'=2 ffc) = 0' it follows that limp_^oo Pr (Z]feL2 = 0^ =1. However limp^oo E {^^=2 '?fe) = is only 

a sufficient condition for limp^oo Pi' (^Yl!k=2 =1, not a necessary condition. It would be interesting to develop a 

technique to obtain a tight necessary condition on g required for the number of components of fixed and finite order fc > 1 in 
G ^A' logp+h , q, ^— ) t° vanishingly small. 

VI. Conclusion 

In this paper, we discussed the connectivity of several network models including the widely used dense network model 
Q (^Xp, gr^, A^, extended network model Q (^Xi^g , A and infinite network model Q (A'p, g, 3fJ'^). Using the scaling 
and coupling technique, it is shown that the dense network model and the extended network model are equivalent in their 
connectivity properties and they are also equivalent to the network model G (^X iog p+b , q, AjSj, which can be obtained from 

the infinite network model Q (^X iagp+b , q, jR^^ by removing all nodes and associated connections outside the area Aj_ of 

Q (A'p, g, 3?^) . Define the effect associated with the above removal operation as the truncation effect. A prerequisite for any 
(asymptotic) conclusion obtained in the infinite network model to be applicable to the dense and extended network models is 
that the impact of the truncation effect must be vanishingly small on the parameter concerned as p — > 00 - a conclusion that 
often needs non-trivial analysis to establish. We then conducted two case studies using a random connection model, on the 
expected number of isolated nodes and on the vanishing of components of fixed and finite order fc > 1 respectively, with a 
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Figure 2: An Illustration of the boundary areas of Aj^. The areas ZAj_, are self-explanatory and -B ( Aj_ 1 is the 

rp rp rp \ / 

shaded area in the figure. 



focus on examining the impact of the truncation effect and showed that the connection function g has to decrease sufficiently 
fast in order for the truncation effect to have a vanishingly small impact. 

In the first case study, we showed that for g satisfying both ([T]i and (HI, the impact of the truncation effect on the number of 
isolated nodes in Q (^X iagp+b . q, ^— ) vanishingly small as p — > oo. However for g satisfying ([T]i and (O only, the impact of 

the truncation effect on the number of isolated nodes in Q ^A' log p+t. , q, AjSj is non-negligible and may even be the dominant 
factor in determining the number of isolated nodes. 

In the second case study, we first showed using an example that due to the truncation effect, asymptotic vanishing of 
components of fixed and finite order fc > 1 in an infinite network does not carry over straightforwardly to the conclusion 
that components of fixed and finite order fc > 1 also vanish asymptotically in the dense and extended networks. Then to fill 
this theoretical gap, a result is presented on the asymptotic vanishing of components of finite order fc > 1 in the dense and 
extended network models under a random connection model. 

Some interesting results useful for the analysis of connectivity under a random connection model in the dense and extended 
networks were also established. These include the expected number of isolated nodes, which resulted in a necessary condition 
for a dense (or extended) network to be connected, the vanishingly small impact of the boundary effect on the number of 
isolated nodes, and the asymptotic vanishing of components of finite order fc > 1. 

Many results in the paper were given in the form of sufficient conditions on the connection function g required for the 
impact of the truncation effect to be vanishingly small. It will be interesting and important to examine necessary conditions 
on g required for the impact of the truncation effect to be vanishingly small. 

Appendix I Proof of Theorem[T] 
In this Appendix, we give a proof of Theorem [T| 

We analyze E {W) as p — > oo. Denote by D (y, r~^) a disk centered at y and with a radius r~^, where e is a small 

positive constant and e < j. Denote by B (Aj_ ] C Aj_ an area within of the border of denote by £Aj^ C Aj^ a 

\ '> / ^p '> 
rectangular area of size rZ^^ x (r^"^ — within r^' of one side of away from the corners of Aj_ by r^"^, and there 

^p 

are four such areas; let ZAj^ c Aj_ denote a square of size x r^^ at the four corners of Fig. |2] illustrates these 

rp rp P P r-p 

areas. 

It follows from (O that 



lim E{W) 



p— >-oo 

= lim 
= lim pr^ 

p— >-oo P 



logo + 6 



C 



Aj^\B[Aj^ 



dy 

e '■p dy 
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p— >-oo ^ 



e 

lA 



lini 4pr^ I e dy 



r -p^IJa 1 9{\\x-y\\)dx 

+ lim 4pr^ e dy (15) 

The three summands in ( fTST i represent respectively the expected number of isolated nodes in the central area Aj^\B \Aj_ ), 
in the boundary area along the four sides of Aj_ and in the four corners of Aj^. In the following analysis, we will show that 

for g satisfying both ([T]i and (|4|i, the first term approaches e as p — > oo, and the second and the third terms approach as 
p ^ oo. 

Consider the first summand in ( fTsT l. Using the definition of rp in (|5]l, first it can be shown that for any y and therefore 

y e A^\B (a A (see Fig. |2] for the region A^\B (aA): 



— pr'^ f / q(\\x — y\\)dx 

lim pe '^^^"(-■p^)"'" 

p^oo 

-P^l g{\\x-y\\)dx- g{\\x-y\\)dx 



= lim pe 

p— >-oo 



= lim e-^e ^'^"(''■'-'' ) 

logp+6 TOO 2-n-rg(r)dr 

= lim (16) 

p— >oo 

It can be shown further using Q that (following the equation, detailed explanations are given): 

lim — ^ f 2'Krg (r) dr 

P^oo C J^-^ 

f 2nrq (r) dr 

p— >oo 



log p+b 

= lim ^ — p; 

p— >oo ^ 



p(logp+fc)2 

lim ne (log p + bf rf^-^g (r^) '2^P±±ll 



= lim (log p + hf r-^'g (r;^) (17) 



: lim Tie (log p + 5)2 rf^op _^ (18) 
: lim (Tre (logp + 6)^ 

p— voo V 

/ 1 \\ 



y 2£:2 (log (log p + 6) - log C - log p) ) ) 
=0 (19) 



where L'Hopital's rule is used in the second step of the above equation, and g [x] — ( ) is used from ( [TtI i to ( fTSl ). 

As a result of (1161) and ( 1191 ) 



lim pe ) = e-^ (20) 

p^oo 

It follows that (see Fig. [2] for an illustration of the region A_l.\B ), which is unshaded in the figure.) 
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Border of Aj_ Border oi Aj^ 




(a) (b) 
Figure 3: An illustration of the boundary area for y £ £Aj^. The figure is drawn for y located near the left border of Aj^. 
The situations for y near the top, bottom and right borders of A j_ can be drawn analogously. D [y, r is a disk centered at 
y and has a radius . ly is the distance between y and the border of Aj_. Dy is a half disk centered at y, with a radius r^^ 
and on the right side of y. Cy is a half disk centered at y, with a radius ly and on the left side of y. Ry C A_l_ n D (y, r^^) 

is a rectangle of ly x 2wrp — l^ on the left side of y. Ly — (Aj^ D D (y, r^^^] \Dy is the shaded area in sub-figure b. 



and 



Therefore 



lim pr't / / N e dy 



p—>^oo 



■ P 



IAj^\b(a_ 



p— >-CXD 



''"-?/x,(o,.-)f (11-11 ^''-A [ 2 



lim(pe --r-. J ^dy 



lim pr^ / / \ e ^ dy 

> lim prl f . p-p-'llst^s'^W^-yW^'^^dy 
= e-" 



-P'^Ha 1 9(\\x-y\\)dx 

lim p?'^ / ^ e dy = e"" (21) 



p— fC30 



For the second term in ( fTSl ). an illustration of the boundary area for y G j_ is shown in Fig. |3] 

Define Ly = ^ {h^^p^)^ \-^y '-'^^ shaded area in Fig. iJbT i. The symbols Dy, Cy, ly and Ry are defined in 

Fig. [3] It can be shown that 
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4 lim pr^ / e '> dy 

<4 lim / pe '> dy 

=4 lim rl I pe'P'l{^o,9(\\^-v\\)d^+S,^9{\\^-y\\)d^)^y 



=4 lim p 2 e 

^i^2 f ^-prlS^^m^-v\\)dx^y I I (22) 
JtA_ 

^ ~^P^p f / — e \ 5(11^11)^^ 

For the first term p^e "l,° 'p ) ( |22] |. it can be shown that 

lim "1° "" ) 

p— VC30 

1 -^P''? /.R2 3{\\x\\)dx-l^^.^ , _ gdlrrlDdx 

= lim V \ • p I / 

p— >oo 

= limp^e-W^e^''^-'^^^K''-')'"^"'^ 

p— >-oo 

= e"^ (23) 

where ( fT9] l is used in reaching ( |23T l. 

Let 7 be a positive constant and ^ > 7 > |. Let A be a positive constant such that 

[ 2nxg (x) dx = 72C (24) 

The existence of such a positive constant A can be shown by using (|6]l and noting that 27 < 1. Using the non-increasing 
property of g, it can also be shown that g (A) > 0; otherwise it can be shown that 2Tixg {x) dx = C which implies 7 = |- 
This constitutes a contradiction with the requirement that ^ > 7 > |. Therefore g (A) > 0. In the following analysis, it is 
assumed that p is sufficiently large such that > 2A. 
For the second term in (l22l) . it can be shown that 

lim p-^rl [ e-'"-?/^„9(ll-''ll)'^-dy 



p^oo 



X / e''"'-''-«^^"""^"'''"d2/ (25) 







< lim php / " e-'"''-^-«^^"""^"^''"d2/ 



p— >-oo 



'log/5- 


f 6 


c 


'logp- 


f 6 







p->-oo V (7 







^-prlf,^gi\\x-v\\)dx^\ (26) 



A 
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where in jZST l y represents a (any) point in tAp at a Euclidean distance y e [0, ^] apart from the border of Ap. Define 
A = '°s^+'' for convenience, it can be further shown that in ( |26l ) 

ffP^'lLy g(\\^-v\\)dx 





1 . /T- 

nm vA 


L 








< 


iini vA 


L 




p^oo 






r A" 
lim vA 


L 




p-S-oo 






nm vA 








' A 




lim Vx 


i: 




p^oo 






lim \/A 


r 




p-)-oo 


Ia 




lim \/A 


{- 




p— J-OO 












\ogp + b 



- A 



Cp 

where (l24b is used in reaching ( |27l l, and 7 > | is used in reaching ( |28l l. It can also be shown that for the other term in 



(27) 



(28) 





b 


p— >oo V 


c 




lim \/A 


[\ 


-pr 




lo 




lim VA 


f\ 


-pr 


p->oo 


'0 




lim Vx 




-pr] 


p^oo 


'0 




lim VA 




-pr 




'0 




lim VA 


f\ 


-pr 


p^oo 






lim Vx 




-pr' 


p^oo 


lo 





!,^g(\\^-y\\)d^^y (29) 
9 fy 



g[Vx''^+z'-')dzdx^y 



< lim VA / e-P'-p-^Jo-Jo s^v:.'+^';a^a:.^y (3q^ 

x-+z-)dzdx^y (31) 

-A)dzdx^y (32) 

^^'^rfy (33) 

where (l30l l is obtained by noting that r^^^ — a;^ > (r^ ~ 2;)^ for r"'^ > x (note that for p sufficiently large, r^^ > A > y > x); 
OTT l is obtained by noting that x < A and ( l32b is obtained by noting that y < A and the non-increasing property of g. 

Let p be sufficiently large such that r^*^ > 2A and also note that g (A) > 0. Therefore P — Jq y (z + A) is a positive 
constant and /3 > 0. It then follows from (|33] | that 



lini Wi^i^ ,-P<Ly^(\\^-y\\)^^dy 

p-i-oo V C ./o 



p-J-OO \ C In 



llogp + b 1 - e-'"^p2'3^ 
lim -i / — X 



P^oo V C prp(3 
logp + b 1 - 



= lim , , „ ,s , , t 

p^«) V C 2/3^28^ 

= (34) 
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As a result of ( |28T l and d34] i. both terms on the right hand side of ( |26] l go to zero and it follows that 
The above equation, together with (l22l l and ( |23] |. leads to the conclusion that 



4 lim prl I e-"^"^^. g(\\^-y\\)d^ ^ ^ ^33^ 



i.e. the second term in ( fTSl ) approaches as p — >^ oo. 
For the third term in ( fTSl ). it can be shown that 



p— foo 



4 lim pr^p \ e dy 



ZA 1 



< 4 lim pr e ''p dy 

p— >oo 



p— foo 



< 4 lim pr^ / e "l^" '^'' ) dy 



ZA 1 



= 4 lim (r^") r^pe " -I 

p— foo ^ <-' ' 



4 lim r?'2e 



pe 



= 4 lim pe'jiiosP+b) (36) 

p->oo \^ Cp ) 

= 4C-i+^e-iMim ii^i^±^ 

= (37) 

where the second step results by noting that for any y e Ap n £> (y, ') covers at least one quarter of D (y, r^^), 

( fT9T l is used in reaching ( |36] l. and e < i is used in the final step. 
As a result of O, (ED, (ES) and (O: 

lim (V7) = e"'' (38) 

p— f oo 

Appendix II: Proof of Lemma[T] 

The torus that is commonly discussed in random geometric graph theory is essentially the same as a square except that the 
distance between two points on a torus is defined by their toroidal distance, instead of Euclidean distance. Thus a pair of nodes 

in Q'^ ^A'log^+b , 5, , located at xi and X2 respectively, are directly connected with probability g {\\xi — X2\\^^ where 

lla^i — X2\\^ denotes the toroidal distance between the two nodes. For a unit torus = [— ^, 5]^, the toroidal distance is 
given by IfTO] p. 131: 

||a;i-iC2ir = min{||a;i+2;-a;2|| : z el?) (39) 

The toroidal distance between points on a torus of any other size can be computed analogously. 

Remark 5: The use of toroidal distance allows nodes located near the boundary to have the same number of connections 
probabilistically as a node located near the center. Therefore it allows the removal of the boundary effect that is present in a 
square. The consideration of a torus implies that there is no need to consider special cases occurring near the boundary of the 
region and that events inside the region do not depend on the particular location inside the region. This often simplifies the 
analysis. 

From now on, whenever the difference between a torus and a square affects the parameter being discussed, we use superscript 
^ to mark the parameter in a torus. 

We note the following relation between toroidal distance and Euchdean distance on a square area centered at the origin: 

\\x1-x2f < ||a;i-a;2|| (40) 
\\xf = \\x\\ (41) 
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which will be used in the later analysis. 

It can then be shown that for an arbitrary node in ^X ios p+b , q, at location y, the probability that it is isolated is 

given by: 



-!aT '-2SS^g{\\=o-v\\^)d^ 



e '> 

-Ia 1 i2a_e±^i9(ll=r^ll)dx 



e 



where in the second step, the property of a torus that the probability that an arbitrary node at location y is isolated is equal 
to the probability that a node at the origin is isolated is used; in the third step ( |4T] ) is used. 



Thus the expected number of isolated nodes in Q'^ ^A' iogp+6 , q, is given by 



e '> dy (42) 

= (43) 
= pe (44) 



First it can be shown using (|6]l that for g satisfying ^ 



lim pe ■'"("■-pI ^ 



lim pe 

p— >-oo 

e lim e p 



(45) 



where D {0,x) denotes a disk centered at the origin and with a radius x, e is a small positive constant, and the last step results 
because 

2'Kxg (x) dx 
lim — --. 

P^co i—— 

log p+b 

= lim (46) 



p(ioep+by 



= lim ne (log p + bf' r "^^o 



1 







where L'Hopital's rule is used in reaching ( |46] ) and in the third step g (x) = o^; I ^^-^ -i ^ ) is used. Note that by definition of 
C in ©, 



and 

pe" 



Jsi2 i2t§±^s(||xll)dx 



< pe '■p 
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< pe ■'°(°.'-p1^^^^" (48) 



As a result of gUi, g^, ^ and gEi 



lini £; (W^) ^ e^^ (49) 



Appendix III Proof of Theorem|4] 
In this Appendix, we give a proof of Theorem |4] 

For convenience, let A be the node density in Q ^A' logp+t , q, ^— ) where A = pr^ = 122^+^. Using the above notations, 

Q ^A' log p+b , (7, ^— ) ''^'^ written as Q {^\,g^ ■ 

Note that for any finite p the total number of nodes in Q (yX\ , g, A j_ ^ , hence the total number of components in 

is almost surely finite. Denote by the (random) number of components of order fc in an instance of Q {^\^ g, AjSj- It then 
suffices to show that for an arbitrarily large positive integer M: 

lim Pr ( yCfc = 1 = 1 (50) 

\fc=2 / 

The following symbols and notations are used in this appendix: 

Denote by gi {xi,X2, ■ ■ ■ ,Xk) the probability that a set of k nodes at non-random positions x^, X2, ■ ■ ., x^ G Aj_ forms 
a connected component. 

Denote by g2 {y;xi,X2, ■ ■ ■ , Xk) the probability that a node at non-random position y is connected to at least one node in 
{xi,X2, . . . , Xk]- It can be shown that 

k 

g2{y;xi,X2,. . . ,Xk) = 1- J|(l-.g(||y-a;j||)) (51) 

1=1 

and 

g2{y;xi,X2, ■ . ■ ,Xk) > g2{y;xi,X2, ■ . ■ ,Xi) for 1 < i < fc (52) 
As an easy consequence of the union bound, 

fc 

g2{y;xi,X2,...,Xk) < ^g{\\y~Xi\\) (53) 

Using the monotonicity and positive integral properties of g in ([T]) and (|2|i, it can be shown that there exists a positive 
constant r such that g (r") {1 — g {r^)) > where g (r~) — limj.^,.- g (x) and g (r+) = \im,j.^r+ 9 {^)- If g is a continuous 
function, then g (r~) — g (r+); if g is a discontinuous function, e.g. a unit disk connection model, by choosing r to be the 
transmission range, g (r~) (1 — g {r'^)) = 1. For convenience in notations, we use (3 for g (r~) (1 — 5 (r"*")), i.e. 

P^g{r-){l-g{r+)) (54) 



Denote by dA±_ the border of v4j_. Denote hy IA±_ d A±_ a rectangular area of size [— — 2r ) x r along one side of 

rp rp '~P A ' 

the border of Aj^, within a distance r of the border and away from the four corners of A_i_ by at least r. There are four such 

T p ^p 

areas in Denote by ZAj^ C v4j_ a square area of size r x r located at a corner of There are four such corner 



squares in Denote by Bd I Aj_ ) C Aj_ a boundary area within a distance d of the border of Note the difference 

rp \ ^p / I — 1 ^p 

of the definitions of those symbols from those used Appendix I and particularly Fig. |2J 

Let D {x,d) C 3?^ represents a disk centered at a; e yl j_ and with a radius d. 

'"p 

We first establish some preliminary results that will be used in the proof. 

Lemma 4: In Q g, Aj_^, the expected number of components of order k is given by 

£^(6) = -^// gi{xi,X2, ■ . ■ ,Xk)e ^ d{xi---Xk) (55) 



A 

Proof: It can be shown that for any n> k: 

n 
k 



\ k r 

E{(,k\\X\\=n) = TTT // .■n.gi{xi,X2,...,Xk) TT [l - g2{Xi]Xi,X2,. ■ ■ ,Xk))d{xi- ■ -Xn) (56) 
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In ( l56l l. 1^ ^ J is the number of distinct sets of k nodes drawn from a total of n nodes and the rest term represents the 
probabihty of the event that a randomly chosen set of k nodes forms a component of order k. From ( |56] l. it follows that 

XA 



71— k 

°o (xA i] 

n—k 



-\A 1 



i_L I -\A_ 

-e 



A 



. 51 



(a;i,a;2, . . . ,a;fc) J| (1 - ^2 (^Ci; a^i, a;2, . . . , a;fc)) d (cci • • • a;„) 



i=fc+l 



y 5i (a^i>a=2, • • ■ ,35*;) f y ~ 92 {v, Xi, X2, . ■ . , X k) dy \ d{xi---Xk) 



A 1 



.gi {xi,X2, . . . ,a?fc) 



— e ' 
n! 



1 — /c 



fc! 
fc! 



51 (a;i, a;2, • • • , a;^) 



71 — fc 



A /^^ 1-32 (y; 3^2, • ■ • , a^fc) 
^ \ ~ I 

{n-k)\ 



'\A 



V 



d{xi-- -Xk) 



-A ^ g2{v;xi,X2,---,Xk)dy 

gi{xi,X2,...,Xk)e ~ d{xi---Xk) 



A similar technique as that used in the proof of Proposition 6.2 in [31, originally due to Penrose ||33l . was used in the proof 
of Lemma |4] . 

The following lemma is also used in the analysis of E {£^k)- 

Lemma 5: A sufficient and necessary condition for a given set of nodes to form a single connected component is that there 
exists an ordering of the nodes, which can start from any node in the set, such that each node appearing later in the order is 
connected to at least one node appearing earlier in the order. 
The proof is trivial and can be omitted. 

Lemma|5]must have been proved in the literature as it forms the basis of a widely used algorithm to test network connectivity. 
However we are unable to find it. 

Using Lemma |5] the following result can be established: 

Lemma 6: Let Ffc denote the set {1, . . . , fc}. The function gi {xi, X2, ■ ■ ■ , Xk) satisfies the following inequality 



gi {xi,X2, . ■ . ,Xk) 

^ E 



g2 {xi^]Xi)g2 {xi.^;xi,Xi^) ■ ■ ■ g2 {xi^;xi,Xi^, . . .,Xi^_^) 
i2erfc\{i},i3erfc\{i,i2},-,ifcerfc\{i,j2,...,ifc-i} 

Proof: Without loss of generality, we assume that such ordering described in Lemma |5] starts from Xi E {xi,X2, ■ ■ ■ ,Xk}- 
Denote by 'C(i,!2.. '^^e event that {xi,Xi^, . . . ,Xi^) is one of such an ordering described in Lemma |5] where 12 G 
rfc\ {1} , h € rfc\ {1, 12} , • • • , U- e Tk\ {1, «2, ■ . ■ , ik-i}- Using Lemma|5] it can be shown that 



Pr (C(i,J2,...,ifc-i)) = 92 {Xi^;xi)g2 {xi^;xi,Xi^) • • -52 {xi^;xi,Xi^, . . ■,Xi^^^) 
Then it follows that 

gi {xi,X2, ...,Xk) = Pr (Uj2erfc\{i},^3erA{i,»2}r-- ,ifcerA{i,«2,...,»fc-i}C(i,»2,...,«fc)) 
As an easy consequence of the above equation and the union bound: 



gi {xi,X2,. ■ . ,Xk) 
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< 



^ 92 {xi^;xi)g2 {xi^;xi,Xi^) ■ ■ ■ g2 {xi^]Xi,Xi^, . . .,Xi^_^] 

i2&Tk\{l}.h&Tk\{l.i2}-r-- .ik&Tk\{l,t2,---,ik-i} 



The following geometric results are also used in the proof of Theorem |4] 

Lemma 7: Consider two points X\,x-2, G A±_ and let z = \\x2 — Xi\\. For a positive constant ci = \/3r and z <r 

\D{xi,r)\D{x2,r)\ > ciz 

where \D {xi,r)\D {x2,r)\ denotes the area of (a;i, r) \Z? (a;2, r). 
Proof: First it can be shown that for z > 2r 



and for z < 2r 



\D{xi,r)\D{x2, 
^ \D{x2,r)\D{xi,r)\ 



Trr^ — 2r^ arcsin \ \l 1 ~ ^— ^ j + zr\j 1 



z^ 

4^2 



Further, it can be shown that 



dfjz) 
dz 



2r\ 1 



4^2 



Therefore / (z) is an increasing function of z for z < 2r and > VSr for z < r. It then follows from / (0) = that 
/ {z) > ^/3rz for z < r. ■ 
Lemma 8: Consider two points xi E iAj_ and X2 G Aj_ n D {xi,r) and let z = \\x2 — xi\\. When 7 {X2) < 7 {xi), 



> — z 
- 2 



r\D{xi,r)\D{x2,r) 

When 7 {X2) > 7 (xi), for any positive constant C2, there exists a positive constant zq < r such that for all z < zq 

Aj_ n D {xi,r) \D {x2,r) > {r - C2) z - r x \j {X2) - 7 {xi)\ 

where 7(0:1) {X2)) represents the shortest Euclidean distance between Xi (X2) and a border of Aj^ that is adjacent to 
£Aj_ (i.e. dAs. H £Aj_, see Fig. |4]for an illustration of 7 (a;2) where 7 (xi) = in the figure). 

rp Tp Tp 

Proof: The first part of the lemma can be easily proved by noting that when 7 {X2) < 7 (a;i) 

A^nD {xi,r) \D {X2, r) >]-\D {xi,r) \D {x2,r)\ 
""p Z 

and the lemma can then be proved using Lemma |7] 

Now let us focus on the situation when 7(3:2) > 7(3^1)- It can be easily shown (see also Fig. |4]l that when changing 

the value of 7 {xi) while keeping X2 — Xi fixed (i.e. X2 has the same displacement as Xi), Aj_ H D {xi,r) \D {x2,r) is 

^p 

minimized as 7 (xi) = (i.e. Xi e lAj^ n dAj^) and {r — C2) z — r x I7 {X2) — 7 {xi)\ remains constant. Therefore we 

^p 

focus on the worst case when Xi G £Aj^ n dAj^. When Xi G £Aj^ n dAj^, I7 {X2) — 7 (a;i)| = 7 (3^2)- 

Fig. m shows Aj^ n I? (a;i, r) \D {x2, r) for Xi G j_ n 9^1 j_ and X2 G j4j_ n D {xi,r). It can be shown that under 
the above conditions for Xi and CC2 (see Fig. |4]for definitions of a and yli and some detailed but straightfoward geometric 
analysis omitted in the following equation) 



\ApnD{xi,r)\D{x2,r)\ 

> l^il 
= h{z,a) 



TTr 2 -2; 1 

r arccos \ — zr\ 1 

4 2r 2 



Note that h (0, a) = 0, 



4r2 2 

9/i (z, Of 
dz 



zoos a 1 / Z-' 
arccos zr\ 1 



cos2 a cos a -\ — z^ sin a cos a 



= r (1 — cos a) 



z=0 
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,4, Q A^nD[xi, T) ID(x2,t) 




Figure 4: An illustration of 



Aj^ n D {x2,r) /D {xi,r) for Xi € £Aj_ n dAj_ and a;2 G n (a;i,r). Note that Ai is 



the upper part of ApCi D {xi,r) \D {x2,r) above the line connecting Xi and X2. Depending on the relative positions of Xi 
and X2, ApO D {xi,r) \D {x2, r) may also contain a non-empty region below the line connecting Xi and X2- 



and cos a — l^S^l Therefore 

z 

h{z,a) - h{0,a) 
Imi — r (1 — cos a ) 

2^0+ z 

i.e. for a given positive constant C2, there exists z^ > depending on a such that for all < z < Zq, 

h (z, a) > {r (1 — cos a) — C2) z 
The proof is complete by choosing zq — mino<Q<:| z^ and using cos a 7(£2) 

On the basis of the above preliminary results, we are now ready to start the proof of Theorem H) 
Let (5 be a positive constant and 5 < ^. First, as a consequence of Lemma 21 it can be shown that 

= — -sk-i gi{xi,X2,...,Xk)e ~ dxid{x2---Xk) 

kl J{aA Ja^ 

\k r r ~-^Ia 1 92{y;xi,X2,...,Xk)dy 

gi{xi,X2,...,Xk)e ^ d{x2- ■ ■Xk)dxi 



k\ 



n(D(xuS)r 



\k r r ^^Ia 1 92(y\xi,X2,...,Xh)dy 

— / gi{xi,X2,. ■ ■ ,Xk)e ~p d{x2- ■ ■Xk)dxx (57) 



A^ J(aA MDixiJ))"- 

rp \ rp / 



Denote by E{^k.i) and E {£^k,2) the two summands in ( |57] | respectively. In the following analysis, we will show that 
by choosing S to be sufficiently small, limp_>.oo '^^^2 ^ (C/e.i) = and limp_j.oo X^feL? ^ ~ 0. X^feL? ^ (Cfc.i) has the 

meaning of being the expected total number of components of finite orders 00 > k > \, where all other nodes of the component 
are located within a 5 neighbourhood of a randomly designated node (i.e. xi in dSTl)). \va\p^rx,YlV=2E i^k.i) = implies 
limp_j.oo Y^^=2 E i^k.i) — 0- Sfcl2 E i^k.2) ~ has the meaning of being the expected total number of components of finite 
orders M > fc > 1 where at least one of the nodes forming the component is located outside a S neighbourhood of a randomly 
designated node (i.e. Xi in ( l57b ) in the component. 

An analysis of the first term in ( 1571 ) 

Denote hy D\ d (^Aj^ the set (0:2, ■ ■ ■ ,Xk) G (^Aj^ f] {D {xi,6))^ ^ : ll^i ~ ^i|| — ^^^j<^{2,...k},j^i — Xi\ 
i G {2, . . . A;}. Using ( |52] | and the definition of D\, it can be shown that 
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fc! 

fc 

E 



-A ^ g2{y;xi,X2,...,Xk)dy 

k-i gi{xi,X2,...,Xk)e ~ d{x2 - ■ ■Xk)dxi 

ApJ{Aj_) n(D(xi,5))'=-i 



fc! 



A 1 Jd 



< 



< 



< 





(fc 


- 2)!fc 




A'= 


(fc 


- 2)!fc 




A'= 


(fc 


- 2)!fc 



--^Ja 1 92(j/:a;i,a!!2,...,Xfc)rfy 

gi (a;i,cc2,...,a;fe)e ^ d{x2 ■ ■ ■ x^) dxi 

gi{xi,X2,...,Xk)e ^ d {x2 ■ ■ ■ Xk) dxi 

^■'^Ia 1 92{y;xi,X2)dy 

e ~ d (x2 ■ ■ ■ Xk) dxi 



_nD{xi,s) 



X2-Xi\ 



fe-2 ^^Ia 1 92{y;xi,X2)dy 



dx2dxi 



As a result of the following inequality: 



E 

fc=2 



A*-' (^TT \\X2 ~ Xi\ 



fe-2 



(fc-2)!fc 



E 

fe=0 



A*" ( TT \\X2 - Xi\ 

fc! (fc + 2) 



< A^ 



E 



A*" ( TT ||a;2 - icil 



yfe=o 

^2gAir||x2-xij|- 



fc! 



it follows from (|58]l that 

oo 

E^(^''- 



>fe,l 



A:=2 



< A^ 



/a 1 g2(y;3;i ,a;2)rf3/-7r||x2-xi 

e V '> / dx2dxi 



' p ' p 



-A Ja ^ 9(ll2/-3;2|l)rfy+/A ^ S(lly-a;i|l)(l-ff(|ly-x2|l))d3/-7r|lx2-xi|l- 



Aj^ J Aj^nD{xi,S) 



' p ' p 



dX2dX\ 



Ja 1 9{\\y-X2\\)dy+^^ ^ g(||y-a!!i||)(l-g(||y-X2||))rfy-7r||x2-a;i|| 



(58) 



dx2dxi59) 



A_i_ J Aj^nD(xi,S) 



' p ' p 



-A Ja ^ g{\\y-X2\\)dy+g{r-){l~g{r+))\A^nD{xur)\D{x2,r)\ 



-■K\\X2 — Xi 



dx2dxi (60) 



Aj^ J Aj^nD{xiJ) 



' p ' p 



where in i5% the parameter r > is chosen such that g (r ) (1 — g (r+)) > 0. For convenience, use 13 for g {r ) (1 — g (r^)) 
as defined in (|54] |. It follows from (l60l i that 



oo 

E^(?m) 

fe=2 
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dA 1 



r — 8 



B. 



7(a?2) 
R{x2,2r) 



2r 



r + 6 



r — 5 



Figure 5: An illustration of the areas ir+sAj^, B^(^X2) ^'^'^ R{x2,2r). The shaded area is B^(^X2) i^- 



+ y 



f f 



--^( /a 1 g{\\v-X2\\)dy+p\Aj^nD(xi,r)\D(x2,r)\--K\\x2-xi\ 

e \ '■p '''' I dx2dxi 



_nD{xi,5) 



-A ^ g{\\y-X2\\)dy+l3^Aj^nD{xi,r)\D{x2,r)^~^\\x2-Xif 

e V ^ dx2dxi (61) 



I Aj_\B,.iAj_ \ J Aj_nD{xiJ) 

rp \ rp / rp 

For the first summand in the above equation, it can be shown that 



r ^'^[•''^1 9(ll2/-^2|l)rfy+/3|Aj_nD(a;i,r)\_D(x2,r)|-Tr|lx2-xi|| 

^'^ I / \ e \ ~ '''' ) dx^dxx 



f -A J gi\\y-X2\\)dy+p\Aj^r]D{xi,r)\D{x2,r)\-Tr\\x2-xi\ 

4AM / e V - ' ' / dx2dxi 



r g(\\y-X2\\)dy+l3\Aj_nD{xi,r)\D{x2,r)\—K\\x2-xi\ 

4AM / e V - ' ' / dx2dxi 



(62) 



Denote by 7 (a;) the shortest Euclidean distance between a point x £ £r+sAj^ and a border of Aj^ adjacent to ir+sAj^ 

rp rp rp 

(i.e. n £r+sAj^), where ir+sAj^ denotes a boundary rectangular area of size (r~^ — 2 (r — S)j x (r + (5) within r + S 

of the border of and away from the corners of Aj_ by at least r — S. Denote by i?-,(x2) [Aj^ j C Ap a boundary area 

{^P rp \ rp / 

X e ir+sAj_ : 7 (a;) < 7 (0:2) k denote by R {x2, 2r) a rectangular area of size 2r x 7 (0:2) located between X2 and dAj_ 
with X2 at the center of one side of R {x2, 2r). See Fig. |5]for an illustration of the areas defined above. 



First we evaluate the term: / 



g{\\y-X2\\)dy + l3 A^ n D {xi,r)\D {x2,r) 



It can be shown that for Xi G 
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£Aj_ and X2 E Aj_ n D {xi, 6), when 7 {X2) > 7 {xi): 



■7(0=2) I -^J. 



> 



> 



> 



> 



■87(0,2) y^J^ )nfl(x2,2r) 



gi\\y-X2\\)dy 



10 JQ 



10 Jo 

f-r /■|7(x2) — lixi)\ 



9 



y2 rfxiij/ 



(63) 



'0 "'0 

= C3 |7(a;2) - 7(a^i)l 

where in (l63T l, the non-increasing monotonicity condition on g and that I7 {X2) — 7 (a^i)! < \\x2 — Xi\\ < 5 < ^ is used, and 



C3 = g (0 + j/^J dy. Since 5 (r ) (1 — g (?■+)) > 0, it follows from the non-increasing monotonicity condition on g 

that .9 (§) > and C3 is a positive constant, i.e. C3 > 0. 

Choose C2 to be sufficiently small such that C4 = ^ — C2 > and choose 6 to be sufficiently small such that 6 < zq. Using 
( |63] l and Lemma [8] it follows that 



7(0:2) I J- 



5f(||y-a;2||)dy + ;3 A_l n Z? r) \i:> (ccs, r) 



> C3 I7 (3^2) - 7 ixi)\ + /3{{r - C2) \\x2 - a3i|| - r X I7 {X2) - 7 (a;i)|) 

^ ll^2-.l|| j""^-"^" 



Note that < 1, therefore 

||a32— fci II — 



. ^ , csA 7 a;2 -7 . cg 

r - C2 - r - — X > — - C2 

V ||a;2-a;i|| /3 

g {\\y ~ X2\\) dy + p A^r^D{xl,r)\D{x2,r) 



> /3C4\\X2~X1 

When 7 (a;2) < 7 (jci), using Lemma H] 



(64) 



■7(0.2) \ ^J- 



g i\\y ^ X2\\) dy + P D D {xi,r)\D {x2,r) 



> P 



A^ nD{xi,r)\D{x2,r) 



> Pj\\x2-Xi\\ 

Let C5 = min {^,04}. It follows from (|64] | and ( l65T l that 



(65) 



5(||y-a;2||)dy + /3 n r) (a;2, r) 

'S,(.2)(^_Lj 

> /?C5 ||a;2 ~ aJill 

Choose (5 to be sufficiently small such that tt6 < and also S < zq. Note also that for X2 G Aj_ n D{xi,S), 

\x2 — Xi\\ < S. Then it follows that 



!• ^^{^Ai 3(||y-a;2||)(i3/+/3L4j^n-D(xi,r)\_D(a!;2,r) -7r||a;2-a;i 

4AM / e V ^ ^ ' / dx2dxi 



' p ' p 
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-A 



g{\\y-X2 \\}dy+^C5l3\\x2-xi \\ 



IA_L_ J Aj^nD{xi,5) 

( \ 

f / \ g{\\y-X2\\)d.y+^C5l3\\x2-xi 



-X 



r-p rp 



e \ v / ax2 





327r ^ / e ^ ^ dx2 

(c5/3) 



We further divide £r+s^J^ into two parts: one rectangular area of size (r ^ — 2r x (r + S) in the center of (r+s^j^, 

denoted by £l^gAj^, and the other area i^^gAp = ir+sAJ^\£l_^_gAJ^ . It can be shown that 

'"p ^p '~p 



Aj / \ g{\\y-X2\\)dy 



lim / e --p ^' ^ \ --p y dx2 



p^°°Jel._^^A^ 

/ ^ / _ N 9{\\V-X2\\)dy 

< lim / e \ --p / c[X2 



lim (r^ ^ - ^) x (r + (5) e ' " ' 



= (66) 

where the last step results due to ( |23] |. which showed that for g satisfying both ([U and (|4ll limp_j.oo p"^ e "(,°.'^p j — 

e~ 2 . Then the result follows easily from the definition of rp in (|5]l. Note that the result in ( |66] | cannot be obtained for g satisfying 
^ and ^ only. 

Using similar steps that resulted in (|37] |. it can be shown that 

lim / e --p ^' ^ \ 'p / (ia;2 = 



The above equation, together with ( |66] |, allows us to conclude that the first term in ( |62] | converges to as p oo: 



p—^oo 



/a 1 s(|ly-3;2|l)(i2/+^Uj^nD(xi,r)\_D(x2,r) -Trlla^a-Kill 

lim 4AM / e V - ' ' / dx2dxi = (67) 



J Aj^nD{xiJ} 

•p Tp 



Now let us consider the second term in (|62] |. First it can be shown that 

gi\\y-X2\\)dy 



/ gi\\y-x2\\)dy > / 

1 iyl 1 



nD(^X2,rp °) 



and for any X2 G n D [^X2, rp contains at least one quarter of D [X2,rp Further, since 



lim / g (\\y - X2\\) dy ^ C 



P^'^JD{x2.r- 

there exists a po such that for p > po and any positive constant 7 < 1 



/ 9 {\\y - X2\\) dy > 'yC 

JD{x2,rp^) 
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As a result of the above discussions, it can be shown that for sufficiently large p > po 



r r ^^[^Ai g{\\y-X2\\)dy+f3\Aj^nD{xi,r)\D{x2,r)\-Tr\\x2-Xif 

4AM / e V ^ ' ' / dx2dxi 

JzAj^ J Aj^nD(xi,S) 



< 



where by choosing S < -^jC, the above equation can be easily shown as converging to as p — > oo. 

In summary, using (|62] |. (|67] | and (|68] |. it can be shown that for S < min {4^7^, |, -^05^, zq}, for the first term in (|6TI) . 
we have 



-^-l /a 1 3(||y-X2||)d3/+^j|Aj_nn(a!:i,r)\Ll(x2,r)|-7r 

e ~ 

_nD(xi,i5) 

For the second term in ( I6TI 1. using Lemma |7J it can be shown that 



lim AM / e V ^ ' / dx2dxi = (69) 

P^°° JBrlA 1 ] Ja 1 nD{xuS) 



Aj^XB^l Aj_ J Aj_nD{xuS) 



Ia 1 g{\\y-<^2\\)dy+l3^Aj^nD{xi,r)\D{x2,r)^-TT\\x2-Xi\\ 



r r -\{J^^g{\\y-X2\\)d.y+l3\D{xi.r)\Dix2.r)\-TT\\x2-xif 

= A^/,,/ e \ I dx^dxx 

J A_y_\B^{Aj \ J Aj^nD{xi,S) 



f ■''-A 1 9i\\y-^2\\)dy+{0V3r-TTS)\\x2-x 

<A^/,,/ eV~ / dx2dxi 

'Aj_\B,,( Aj_ ) J Aj^nD{xi,S) 



Ja 1 gi\\y~X2\\)dy+(l3V3r-^S)\\x2-xi\\ 

< I I e \ ~ ) dx2dx\ 

, ^ , ~^/a , 9{\\y-^A)dy 

^-Kti^^r-.8)\\x2-xA^^^^ i dX2 

\-e-^^^^''-''^)Ul + X{pV?>r~^6)5) f SA^9(\\y-<^2\\)dy 

< ^^ — ^A e '■p dx2 



A (/?^/3r - ttS) J a. 

In Theorem [T] we have established that 

r ^^Ia 1 a{\\y-X2\\}dy 

lim A / e ~ dx2 = 



P^°° Ja^ 

Therefore it follows straightforwardly that for b < (3\/3r/n 

'^{Ia I 9{\\y-<^2\\}dy+l3\Aj^nD(xi.r)\D{x2,r)\-iT\\x2-Xi\\ 



p n ~ J-* 1 fvll y^^2 II ^ I IJ^^a;! ,> ; \J^l,^2.' ; 11^2— ^1 II 

lim e \ ~ " / dx2dxi = (70) 

P^°^ Jaj^\B^(aj^) JAj^nD(xi,S) 



Using (l60b . ( |6T] ). ( |69l ) and dTOl l. we are able to conclude that by chosing (5 to be a positive constant such that 

r 1 r 1 



limV^(a,i)-0 (71) 
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An analysis of the second term in ( 1571 ) 

Now let us consider the second term in ( |57] |. i.e. 

\k r r ~^Ia I g2{y;xi,x2,...,Xk)dy 

= — gi{xi,X2,...,Xk)e ~ d{x2- ■ ■ Xk)dxi 

Ja^J[Aj_) \(D(xi,<5))'=-i 

Fov {X2---Xk) e [A^] \{D{xi,S)y \ there is one node in {x2 ■ ■ ■ Xk} outside a EucUdean distance d of Xi and 
belongs to Aj^\D {xi, S). Without losing generality, assume that node is Xj E Aj^\D {xi, S), where j G Tk/ {1}. 

rp rp 

Let C A±_ be a square area of size r x r located at a corner of A±_ as defined in the beginning of this Appendix 



and let ZAj^ C Aj^ be an area in Aj_ excluding the four corner squares ZAj^. It is straightforward from the proofs of 

''p ^p '> 

Lemmas [8] and |7] that for Xi e ZA_i_ and Xj G AjJ\D {xi,5), i.e. \\xj — Xi\\ > S, there exists a positive constant cg > 0, 

^p rp 

depending on 6, such that 

AJ_f^D{xl,r)\D{x2,r) > cq 

^p 

Using the above inequality and ( |52] i. it follows that 



Therefore 



/ 92{y;xi,X2,...,Xk)dy 

J A_i_ 

> / 92{y;xi,Xj)dy 

9 iWv - XjW) + 9 i\\y 9{\\y - XjW)) dy 

> / g{\\y-Xj\\)dy + ^ A^r]D{xi,r)\D{xj,r) 

> / g {\\y ~ XjW) dy + f3ce 

J A 1 



-rr I L sfc-i gi{xi,X2,...,Xk)e ~ d{x2 ■ ■ ■ xu) dxi 

\ rp y 

r r ~^Sa , a{\\y-xj\\)dy-'^pcs 



< 77/ L gi{xi,X2,...,Xk)e '> d{x2 ■ ■ ■ Xk) dxi 



kl 



yk r -^^!a 1 9{\\y-Xj\\)dy-\l3ce 

^ TF // ■^kgiixi,X2,...,Xk)e ^ d{xiX2---Xk) 



^fc r -^Ia 1 ai\\y-Xi\\)dy-XPce 

-rrh ■.kgiixi,X2,...,Xk)e ^ d(xiX2---Xk) (72) 



where a re-numbering of the nodes occurred in the last step of the above equation. First using Lemma |6] and then using 
and the inequality that ^ g {\\xj — Xi\\) dxi < C, it can be shown that 



;^fc r -^Ia 1 gi\\y-xi\\}dy-\l3ce 

,gi{xi,X2,...,Xk)e ^ d{xiX2 - ■ - Xk) 

A 



kl 



< Y 51 92{xi^;xi)---g2{x^^;xi,x^^,...,x^^_^] 



Ja 1 g(\\y-xi\\)dy-Xlicfi 

X e ~ d{xi^^ ■ ■ ■ Xi^xi) 
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^k(jk-l r -^Ia 1 g{\\y-xi\\)dy-\Pce 



< — - — (fc- l)!(fc- 1)! / e ^ dxi 



A 



= I^e-^ X (i^i^±^ X A / e-^^-.^("«--""^«da.i (73) 

1^ p C JAj^ 

Using Theorem [T] ( f72] i and ( f73T l. it follows that 

lira— / gi{xi,X2,...,Xk)e ~ d {x2 ■ ■ ■ Xk) dxi = (74) 

Using similar steps as those leading to dTSl) . it can be shown that 



/ /. 51 (a;i,a;2,...,a;fc)e ~ d{x2 ■ ■ ■ Xk) dxi 



fc! 



'ZA 1 J ( A 1 



< — / ^fc_i5i(a;i,X2,...,a;fe)e '> d(x2- ■ ■ Xk) dxi 



< ; (k-iy. e ^ dxi 

k JzA 1 



Using similar steps that resulted in (l68l l, it can be shown that 



lim (fc— 1)! e ~ dxi 

p->-oo fc 



< ^!^(fc-l)!j2g-^^^c 

p— >-oo fc 

= (75) 
The combination of (|74] | and (iTST i allows us to conclude that 

lim E{^k,2)^0 

p— f oo 

It follows that for any fixed but arbitrarily large integer M 

M 

lim V£;(4,2) =0 (76) 



p— foo ' 



Finally from (fTTT l and (|76] l. we conclude that 



p->- 

Noting that is a non-negative integer, therefore 



lim f V£;(a-) = o) =0 

\fc=2 / 



lim Pr ( V a - ) = 1 

\k=2 J 
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